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Quasi-Static Analysis of Generalized SAW
Transducers Using the Green's
Function Method

DAVID P. MORGAN, MEMBER, IEEE

Abstract—-Surface-wave interdigital transducers can be analyzed rigor-
ously by using a Green’s function method, though extensive numerical
analysis is necessary to evaluate the various transducer properties. Itis
shown here that simple analy tic relationships can be derived from the
Green’s function theory if bulk wave excitation and electrode interac-
tions are assumed to be negligible. Solutions are obtained for the am-
plitude of launched surface waves, the transducer conductance and sus-
ceptance, and the reflection, transmission, and conversion coefficients.
All of these quantities are related in a direct way to the electrostatic
charge density on the transducer, and the theory takes full account of
electrostatic effects. The theory is valid for almost arbitrary transducer
geometries. A reciprocity relation is shown to be valid even when elec-
trode interactions are included.

[. INTRODUCTION

HE behavior of surface acoustic wave (SAW) interdigital

transducers is in general very complex, involving compli-
cated electrostatic effects, the presence of a variety of acoustic
modes, and “electrode interactions” which cause propagating
waves to be perturbed by electrodes under which they pass. A
further complication is the variety of features to be analyzed:
the amplitude of waves generated, the transducer admittance,
and for acoustic waves incident on the transducer, the scatter-
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ing parameters for conversion, reflection, and transmission.
The complexity of the problem has resulted in a variety of
theoretical methods for analysis which mostly make simplify-
ing assumptions. Almost always it is assumed that the only
acoustic mode present is a nonleaky surface wave, and it is
also common to ignore electrode interactions. These assump-
tions are made in the network theory of Smith et al. [1], [2],
using an array of bulk wave transducers as an analogy to the
SAW case. This approach gives full information, including
the transducer admittance and the scattering parameters for
reception. The simpler and more convenient delta-function
model of Tancrell and Holland [3] gives more limited infor-
mation, though Hartmann’s impulse model [4] extends this
type of approach to enable calculation of the transducer
admittance.

However, these methods do not account accurately for elec-
trostatic effects. These effects must be modeled accurately in
order to analyze transducer harmonic responses, withdrawal-
weighted transducers or transducers with arbitrary polarity
sequences, or for analysis of end effects. The electrostatic
solution for a periodic single-electrode transducer was found
by Engan [5], who later found solutions for other periodic
structures [6], while numerical techniques have been devel-
oped for analysis of end effects and withdrawal-weighted
transducers [7], [8], [21]. The electrostatic solution itself
only gives the wave amplitudes launched by a transducer. To
obtain other transducer properties, Smith and Peddler [9] de-
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veloped a network approach based on the electrostatic solu-
tion, though considerable complexity was introduced. More
rigorously, a normal mode theory was used by Auld and Kino
[10], [11] to relate the transducer conductance to the electro-
static solution, and Wagers [12] extended this to give the ad-
mittance for more general transducer structures.

The Green’s function method of Milsom et al. [13], [14] is
more general than the above approaches, taking full account
of electrostatic effects, electrode interactions, and the various
acoustic modes which can be present and giving full informa-
tion on transducer properties for both launching and recep-
tion. This method is not convenient to use, however, as it
involves complex and time-consuming numerical procedures.
In this paper we consider the implications of the Green’s func-
tion approach for cases where bulk wave excitation can be as-
sumed to be negligible and the surface wave is nonleaky, con-
ditions which were assumed by all the above authors except
Milsom et al. Using relationships derived in [13] it is shown
that the amplitude of generated surface waves, the transducer
admittance, and the scattering coefficients for reception of
surface waves can all be related to the electrostatic solution
in a simple direct manner. Thus by using approximations
which are usually valid in practice, the Green’s function theory
yields simple analytic expressions, and the complexity of the
full theory is avoided. It is assumed generally that electrode
interactions are negligible, though it is shown that a reciproc-
ity relation can be derived without making this assumption.
Since the analysis is an approximate form of the comprehen-
sive Green’s function method, it rests on a firm theoretical
basis and gives physical insight into the transducer behavior.
Practical use of the results given requires that the electro-
static problem must also be solved. This problem is not con-
sidered here, though several numerical techniques have been
developed to solve it for arbitrary transducer geometries [7] -
[9], [13], [21]. Moreover, for most surface-wave transducers
the electrostatic solution can be found quite straightforwardly
by using the superposition principle [15]~[17], giving accu-
rate results without requiring iterative numerical methods.

The electrostatic solution is expressed here in terms of the
charge density on the electrodes, denoted o,.(x). It could
alternatively be expressed as the tangential electric field or
the potential at the surface, since these three quantities are
related in a simple way [7]. There are, however, two ad-
vantages in choosing the charge density. First, the transducer
capacity is related quite simply to the charge density. Sec-
ond, the surface wave amplitude generated by a transducer
will be shown to be given by the Fourier transform of the
charge density. This relationship emerges in a direct way
because the charge density is finite only on one side of the
observation point, which is outside the transducer. The elec-
trostatic field and potential are in general nonzero on both
sides of the observation point, so that the derivation of the
Fourier transform relation is less clear if these quantities are
used.

Section II introduces the first-order quasi-static approxima-
tion and analyzes a transducer launching surface waves, giving
the wave amplitudes and the transducer capacitance and con-
ductance. Section III analyzes reception of surface waves by
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a transducer, giving the conversion, reflection, and transmis-
sion coefficients, and also a scattering matrix. Section IV gives
a higher order approximation and derives the transducer ad-
mittance, including the acoustic susceptance B,(w) which is
not given by the method of Section II.

The transducer is taken to have two bus-bars and to have
no geometrical variation in the transverse direction, parallel
to the SAW wavefronts. The geometry is otherwise arbitrary.
In the main part of the paper it is assumed where appropriate
that each electrode is connected to one of the bus-bars. Ap-
pendix C shows how the theory can be generalized to include
disconnected electrodes.

II. LAUNCHING TRANSDUCER

In this section the quasi-static theory is developed for a trans-
ducer launching surface waves. Some basic relationships are
first introduced in Section II-A, and the quasi-static approxi-
mation itself is introduced in Section II-B, which is concerned
with the surface wave amplitudes generated by the transducer,

A. Basic Equations

We consider a semi-infinite piezoelectric with a plane sur-
face, with a set of infinitely thin electrodes deposited on the
surface. The electrodes are taken to have negligible sheet
resistivity. The x and y directions are taken to be in the sur-
face, with SAW propagation in the +x directions. Variations
in the y-direction are taken to be insignificant, so that the
electrode geometry is independent of y, there is no apodiza-
tion, and diffraction can be ignored. Under these conditions,
the charge density o(x, w) and potential ¢{x, w) at the sur-
face are related, at frequency w, by a convolution equation
[13] involving the Green’s function G (x):

¢(x,w)=f Gx-x) o', w)dx'

=G(x) * o(x, w)

where the asterisk indicates convolution. Here ¢(x, ) and
o(x, w) are assumed to vary as exp (jwi), and this factor has
been dropped. The charge density o(x, w) includes charges on
the vacuum side of the electrodes as well as on the piezoelec-
tric side and is zero except where an electrode is present. The
Green’s function G (x) is related to [13] the effective permit-
tivity e4(s) which is a function of slowness s = k/w. These
functions are derived from the piezoelectric tensor of the sub-
strate material. The use of (1) takes full account of all the
piezoelectrically coupled acoustic modes, including where
appropriate surface waves, leaky surface waves, and bulk
waves, which all enter via the Green’s function G(x). Elec-
trostatic effects are also included. The electric field is as-
sumed to be quasi-static, that is, it is unaffected by the mag-
netic field.

Equation (1) can be used to calculate the behavior of almost
arbitrary transducers for both launching and receiving surface
waves. While the method is very general, it is not convenient
to use. There are several reasons for this. First, the Green’s
function G'(x) must be found numerically for each material of
interest. Secondly, G (x) is a function of frequency w, so that

1)
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(1) must be solved for one frequency at a time, and hence

a(x, w) and ¢(x, w) are frequency-dependent. A third factor
is the mixed boundary conditions. In a launching transducer,
¢(x, w) is known only at the electrode locations, and the solu-
tion must be found subject to the additional condition that
o(x, w) is zero in the gaps. In the quasi-static approximation
used here, the Green’s function is approximated by an analytic
form, and o (x, w) is approximated by the electrostatic form
which is independent of frequency, so that much of the com-
plexity is removed.

It has been shown [13] that G(x) can be written as a sum of
three terms representing electrostatic, surface wave, and bulk
wave effects, respectively. Here it is assumed that bulk wave
effects are insignificant, so that the bulk wave ferm can be
omitted from the Green’s function, which becomes a sum of
an electrostatic term G,(x) and a surface-wave term Ggaw(x):

G(x) = Ge(x) + Gsaw(x) (2)
where
Ge(x) = -In | x|/ [mes(=2)]
Gsaw(x) =-7Gs - exp (-jko |x[). (3)

Here ¢(c°) is the effective permittivity at infinite slowness,
and ko = w/vg is the SAW wavenumber; vg is the free-surface
SAW velocity. G, is a negative constant related to the slope of
the permittivity e,(s) at the surface-wave slowness s, = 1/v,.

It is shown in Appendix A that, as a consequence of ignoring
bulk wave excitation, G, is given by

1 v, -
€5(>) Vo

where v,,, < v, is the SAW velocity for a metallized surface.
Thus G, is a measure of the piezoelectric coupling strength
of the substrate material for surface waves. By comparing
the results of the theory below with those of the normal
mode theory [10], [11], it can be seen that the constant
€4(=°) is given approximately by

Gy~

€g(®) =gy + eg
with
€p = (exx €2z 612)1/2

where z is the normal to the surface and the superscript T’
indicates that eg is to be evaluated at constant stress.

B. Surface Wave Amplitudes

Consider now an isolated transducer launching surface
waves. It is assumed that no acoustic waves are incident on
the transducer. A potential V7 is applied across the trans-
ducer and as a result a charge density o(x, w) is produced.
The corresponding potential ¢(x, w), given by (1) and (2),
is a sum of an electrostatic term arising from G,(x) and a sur-
face wave term arising from Ggaw (x).

We consider the potential at a point outside the transducer.
The electrostatic term is not normally of interest here, and
usually it is small because the electrostatic field decays away
from the transducer while the SAW term is sinusoidal with
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Fig. 1. Launching transducer and short-circuited receiving transducer.

x. The surface wave term is denoted ¢4(x, w) and is given
by

4)

¢5(x, w) = Ggaw(x) * 0(x, w).

The transducer is taken to occupy the region |x| < %L as in
Fig. 1. Forx<- %L, the surface wave potential ¢,_ refers
to a wave traveling in the -x direction, and from (3) and (4)
is given by

s-(x, w) = ~jG; exp (fkox)f o(x’, w)

~exp (-jkox')dx'. (5

In this equation the modulus in (3) has disappeared because
the charge o(x, w) is nonzero only for values of x to one side
of the point where the potential is specified. Similarly, for
x> %L the surface wave potential, denoted ¢, (x, w), gives
the wave radiated in the +x direction:

bse(x, w) =-jG, exp (-fkox)f o(x', w) exp (jkox') dx'.

(6)

In these equations the charge density o(x, ) must be found
by solving (1) and (2), using the known potentials on the elec-
trodes. This involves hoth the Green’s functions G, (x) and
Ggaw(x). However, within the transducer the electrostatic
Green’s function G,.(x) is dominant. In the quasi-static ap-
proximation the charge density is approximated by the solu-
tion obtained by ignoring the surface wave term. This solu-
tion is denoted Vp - g.(x), where 0,(x) is the electrostatic
solution when unit potential is applied across the transducer.
Thus, from (1) and (2), g.(x) is defined as the solution of

¢(x) = Ge(x) * Oe(x) ' VT (7)
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with the boundary conditions ¢(x) = ‘_r-;— Vpr on the electrodes
and ¢,.(x) = 0 in the gaps; a constant may be added to ¢(x)
without affecting o,.(x). Note that g,(x) is real and indepen-
dent of frequency.

Using V- 0,(x) as the charge density in (5), the surface
wave potential for x <~ %L is given, to first order, by

ps-(x, w)~ -Gz exp (fkox)f VTae(x')

~exp (-jkox") dx'. ®)

This is essentially the Fourier transform of ¢,(x), which is de-
noted o,(k) and given by

0. (k) = f ] 0e(x) - exp (~jkx) dx ®
with the inverse transform
Oq(x) = 511—1_[ 0. (k) - exp (jkx) dk. (10)
Thus, in the quasi-static approximation,
s (x,w)=-jGVrexp (jkox) - To(ko), forx<- %L
11
and from (6),
5. (x, W) =-jGs V1 exp (-jkox) - Ta(ko), forx>3L
12)

where we have used the fact that 6,(-k¢) = 52(ko ), since g,(x)
is real.

It is convenient to define also the potential amplitudes of
the surface waves measured at the two ends of the transducer,
x= t%L. The ends are designated as ports 1 and 2, as on Fig.
1, with the corresponding SAW amplitudes denoted ¢, (w)
and ¢y, (w), respectively. From (11) and (12)

$1(w) = b-(- 7L, w) = ~jGsV7T,lko) - exp (- 3 /KoL)
(13)

$2(w) = 95 (3L, @) = -G V162 (ko) - exp (- 3 jkoL).
(14)

Note that in the quasi-static case it is no longer necessary to
solve for the charge density at each individual frequency, since
d.(x) is independent of frequency. Moreover, (8) shows that
at each point in the transducer the charge density Vr - g.(x)
can be regarded as a distributed source of surface waves, which
propagate out of the transducer unaffected by the presence of
any electrodes which they pass under. The quasi-static approx-
imation is thus essentially equivalent to ignoring electrode in-
teractions.

C. Transducer Admittance

It is assumed here that the transducer has two bus-bars, with
each electrode connected to one of the bus-bars, as in Fig. 1.
For an isolated transducer, with no acoustic waves incident
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on it, the admittance measured between the two bus-bars is
denoted Y 7(w) and is written as a sum of three terms:

Y7(w) = Go(w) +jBy(w) +jwCrp (15)

where G, B,, and Cp are real. Here G, and B, are terms

due to the SAW excitation. Cry is defined as the capacity cor-
responding to the electrostatic charge density o,(x) and can
be written

Cr= %Wf P(x) - a,(x)dx

(16)

where W is the transducer aperture and P(x) is a function
giving the electrode polarities, defined by

P(x)=1 if x is on an electrode connected to the positive
bus-bar.

P(x)=-1 if x is on an electrode connected to the negative
bus-bar. a7

At other values of x, in the interelectrode gaps and outside
the transducer, the value of P(x) is irrelevant because ¢,(x)
is zero.

The conductance G,(w) in (15) can be obtained from the
power carried by the radiated surface waves. This follows be-
cause acoustic bulk waves, transducer ohmic losses, and elec-
tromagnetic radiation are all assumed to be absent, so that the
radiated surface waves account for the power extracted by the
transducer from the voltage source applied to it. A surface
wave accompanied by a potential ¢, carries a power flow given
by [13]

Py =-% wW|o*/G,. (18)

Using (13) and (14), this gives the equal powers carried by the
two radiated surface waves. Equating the sum of these powers
to the power extracted from the source gives

Golw) = ~wWGs| 0 (ko)I* (19)

An alternative approach is to consider the current / taken
by the transducer when a voltage V7 is applied. In the quasi-
static approximation, the charge density on the electrodes is
taken as V7 - 0,(x). By summing the current flow into in-
dividual electrodes to give the total current 7, the admittance
is found to be Y, =I/Vy =jwCqp, with C7 given by (16).
Thus the quasi-static approximation is incapable of giving the
conductance G,(w) and susceptance B,(w) by this approach.
It is, however, shown in Section IV that a higher order ap-
proximation for the charge density can be used, and (19) is
then obtained by calculating the current. An expression for
B,(w) is also derived. In addition, the surface wave ampli-
tudes given by (13) and (14) are still valid in the higher order
approximation.

To evaluate the admittance of a given transducer, o,(x) and
0. (k) must first be found, and in general numerical techniques
are necessary. However, in the particular case of the periodic
single-electrode transducer (two electrodes per period), Engan
[S] has given exact analytic expressions. At the center fre-
quency of the fundamental response, ko, = n/p, where p is
the periodicity of the electrodes. At this frequency, the trans-
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form of the charge density is, from Engan’s equation (6b),

0c(n/p) = TN ex(=)/K (k")

where the transducer is taken to be NV periods long, and end
effects are ignored. K(x')is an elliptic integral with argument
k' = cos (% na/p), where a is the electrode width. The term
€5(%0) arises because our electrostatic formulation, (7) and (3),
corresponds to Engan’s, except that e,(e°) replaces Engan’s
(eo *€33¢,). Using (19),

Go(wo) =~ woWG N1 [eg(=)/K (k)] 21
where wqo = mug/p is the center frequency of the fundamental
response. In addition the capacity Cy is {5]

Cr =NWeg(=) - K(k)/K (k') (22)
where k = (1 - k'*)'/?. Using the fact that G, = -| Av/v|/ez(=),
as shown in Appendix A, we have

Gg(wo) _ Nn?|Avfv|
K®) K@’

This is identical to a result found using normal mode theory
[10, (81)] and also agrees with formulae obtained from rela-
tionships for multistrip couplers [6]. For unity mark-to-space
ratio (a/p = 3 ), (23) gives

Ga(wo)

Wolr

(20)

(/.JQCT (23)

=2 - 871 N|Av/ul. (24)

III. RECEIVING TRANSDUCER
A. Reciprocity: Reception by a Short-Circuited Transducer

In this section the process of reception by a transducer is
analyzed in terms of the quasi-static approach. In order to do
this, it is necessary first to rewrite some of the above equations
in a different form. We consider the electrostatic relationship
between charge o(x) and potential ¢(x), obtained from (1)-
(3), with Ggaw(x) set to zero:

$(x) =Gelx) * 0(x)
= [-In [xl/(wes(>2))] * o(x). @25)

For a transducer launching surface waves, this takes the form
of (7). If ¢(x) is known on the electrodes, a solution for o(x)

- can be found. However, ¢(x) is not known a priori in the in-
terelectrode gaps, and it is necessary to use the additional
boundary condition that o(x) = 0 in the gaps.

Here we use a formulation for ¢(x) based on the method
used by Milsom er al. [13]. Define a set of N points x; which
exist only at the electrode locations and are equally spaced
on the electrodes with spacing Ax. Fig. 2 shows this schemat-
ically. Then (25) can be written as

N
()= Aih—r»]o Igl 450x7) (26)
with
A= L Ax[Go(x; - x; + 3Ax) + Golx; - x; - $Ax))
Ax 1
= - . l - R Y- 2 . 7
dnef) ;= x;)" - 7 (Ax) 27

Fig. 2. Locations of the points x; (schematic).

In (26) the limit is taken such that N > =0 as Ax ~> 0, with
NAx constant. A simpler choice for the matrix elements 4;;
would be Ax - G.(x; - x;), but this is not admissable here be-
cause it gives A;; = o when Ax is finite. Note that (26) im-
plies that o(x) = O in the gaps, because it involves values of
o(x) only on the electrodes.

In the following analysis, the relations will be written for
finite N and Ax, with the limit taken later. Thus (26) is
written as

N
o(x;) = 3 Ajolx)). (28)
j=1
Defining a matrix Bj; as the reciprocal of the matrix A4;;, the

charge density can be written in terms of the electrode poten-
tials, without requiring the values of ¢(x) in the gaps:

N
o(x;)= 3 By ¢(x;). (29)
i=1
If a unit potential is applied across the transducer, then ¢(x;) =
%P(x,-) where P(x) is the polarity function defined in (17).
The electrostatic charge density on the electrodes is then
0.(x) as defined in (7), so that

Oe(x;)= % ZBijP(xj)- (30)
i

Now consider the transducer to be short-circuited, with a
surface wave incident from the left as in Fig. 1. The width
of the incident beam is taken to be equal to the transducer
aperture W, and its amplitude and phase are uniform across
this width. The potential accompanying the incident wave is
taken to be

ér(x, w) = 11 (w) - exp [-jko(x + S L)] (31)

where ¢, (w) is the potential at port 1,ie.,atx =-1L. Since
the transducer is shorted, the electrodes are all at the same
potential, and a charge distribution must exist on the elec-
trodes in order to satisfy this condition. To evaluate the
charge distribution, the electrode potentials can be taken to
be zero, since a uniform potential applied to all electrodes
gives rise to no charges. Thus the charge distribution must be
such that, in the dbsence of an incident SAW, it would gen-
erate a potential distribution -¢;(x;, w) at the electrode loca-
tions. To solve for the charge distribution, the quasi-static
approximation is used, i.e., the relation between charge and
potential within the transducer is given by the electrostatic
Green’s function. Using (29) and (31), the charge distribution
is

0R (Xi, @) = - 951 (w) exp (- §ikoL) _ZBij exp (/Ko x;).
i

(32)
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Using the polarity function P(x) defined in (17), the current
generated in the short circuit external to the transducer is

I = 3jwW 2_P(x;)  og(x;, w) - Ax. (33)
i
Substituting from (32) and rearranging the order of summa-
tion gives
. ~1/2jk,L
Iy =-4icW - gy () L E [ZP(xi) B.-,]
;i Li

K%L Ay, (34)
Here the matrix B;; is symmetrical. This follows because (27)
shows A4;; to be symmetrical, so that the reciprocal matrix B;;
must dlso be symmetrical. Comparison with (30) then shows
that the term in square brackets in (34) can be identified as
200(x;). [n addition, the summation over j in (34) becomes
an integral in the limit Ax — 0, and since 0.(x) is zero except
when x is on an electrode the integral can be seen to be the
Fourier transform. Hence, in the limit Ax = 0, (34) becomes

Ise = -jwW - ¢ (w) - exp (-3 7koL) - T, (ko). (35)

Comparison with (13) shows that a reciprocity relation can be
written in the form

[fég] L oW [9@&]
¢n receive Gl L Vr launch

This relation has been derived for the quasi-static case. It
can however be shown to be valid for the more general case in
which the surface-wave Green’s function Ggaw(x) is included.
The argument is very similar. For the general case, ¢(x) is re-
lated to a(x) by (1), with the Green’s function given by (2).
Instead of (28) we have

o(x;) = Z_A;'jo(xja w)
i

(36)

(37

where Aj; is defined as in (27), but with G.(x) + Ggaw(x) re-
placing G.(x). For a unit potential applied across the trans-
ducer, the charge density is

op(x1, w) = 3 ZB.",'P(X;') (38)
j

which is similar to (30), with B;; the reciprocal of the matrix

A ,'] These matrices are complex and frequency-dependent,

but it is readily shown that A;;, and therefore Bj;, is symmetri-

cal. For a receiving transducer, with the incident wave given

by (31), the argument proceeds along the same lines, with B,-',-

replacing B;; and o (x, w) replacing o.(x). Using Bj; = By;,

the short-circuit current is found to be

I =-jwW - ¢y -e°"”"°Lf o x,wyeF ax  (39)

instead of (35). Comparison with (5) then shows that the rec-
iprocity relation of (36) is still valid. Thus the reciprocity re-
lation applies even if electrode interactions are present.

B. Scattering Coefficients

The surface wave amplitudes generated by a transducer are
given by (5) and (6) in terms of the charge density on the elec-
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I

PORT 1

PORT 2

Fig. 3. Receiving transducer with arbitrary load admittance.

trodes. For a shorted transducer receiving surface waves, the
charge density is given, in the quasi-static approximation, by
(32). This charge density will therefore, in general, give rise
to a reflected wave and a contribution to the transmitted
wave, in addition to the incident wave given by (31). The
amplitudes of these waves cannot be calculated in a straight-
forward way from (32). However, it is known that it is often
a good approximation to assume that the reflection coefficient
of a shorted transducer is zero. For example, the well-known
crossed-field model predicts this [2], [18]. For some cases,
notably the single-electrode structure at its center frequency,
the approximation is known to be invalid [19], but such cases
are usually avoided in practical devices. It is therefore as-
sumed here that the reflection coefficient for a shorted trans-
ducer is small enough to be ignored.

In general, the receiving transducer is taken to be connected
to an arbitrary load, with admittance Y , as in Fig. 3. The
transducer will therefore develop a voltage across its bus-bars,
denoted V , and given by

=-I/(Yr +YL)

where Y7 is the transducer admittance as given by (15). The
charge density is now given by the short-circuit term (32) plus
an additional term corresponding to the voltage V across the
bus-bars. From the analysis of Section I1I-B, the additional
term is, in the quasi-static case, simply Vg - 0.(x). The waves
radiated due to this term are given by (13) and (14), with V¢
replaced by V5. Denoting the reflected wave amplitude at
port 1 by ¢, (w), and using (35) and (40), we have

Vg (40)

wWGy

T (2 K
T

(41)

where r, is the reflection coefficient at port 1.

To calculate the transmitted wave amplitude, it is again as-
sumed that the charge density for the short-circuit case does
not give any significant contribution to the radiated wave.
For a finite load admittance, the quasi-static charge density
Vi - 0.(x) gives rise to a wave radiated to the right, with
amplitude denoted by ¢, (w) at port 2. This amplitude is
given by (14), with Vg replacing Vr. Using (40) and (35)
gives

b5z (W) = -¢y1(w) - Gy - exp (-jkoL)/(Yy + Y7)

where (19) for G, has also been used. The total wave am-
plitude, ¢, , includes also the original incident wave, which
at port 2 has amplitude ¢;; (w) - exp (-jkoL). The transmis-

42)
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sion coefficient is thus given by

_9r2_ [1 L Ca | ikl
Y.+ Y7

For a wave incident at port 2 instead of port 1, the reflec-
tion coefficient r, is the same as (41), but with (k) re-
placing Gp(ko). The transmission coefficient ¢, is the same
as ty,.

The power ratios for reflection and transmission of an in-
cident wave are given by

(43)

|"1|2 = |r2|2 =G§/|YL + YTIZ (44)
G:+2G, -G
2 - 2 _ da a L

= = - = 5

[212] (231 1 1Y, + Y P (45)

where G, is the real part of the load admittance Y, . The re-
flection coefficient of (44) is obtained from (41) and (19).

For a wave incident on port 1, the power delivered to the
load is Py, = 5 |Vg|* - G;. The power flow in the incident
wave P, is given by (18), with ¢, replacing ¢,. Defining a
power conversion coefficient as C; and using (35), (40), and
(19), gives

2Ga * GL

Co=PulPs= (Yp +Yr)*

(46)
For waves incident at port 2, the conversion coefficient C, is
the same as C; . For waves incident on either acoustic port,

it is seen that the sum of the power coefficients for reflection,
transmission, and conversion is unity, as expected.

It should be noted that the conversion coefficient C, refers
to the total power P, dissipated in the load admittance Y .
In general, a matching network is connected between the
transducer and the actual load resistance, and Y; must then
be taken as the admittance seen looking into the matching
network. Thus if the network has chmic losses, the power P;,
will be greater than the power delivered to the actual load.

If the transducer itself has ohmic losses, these can be repre-
sented to first order by an external resistance, which must
be included in the load admittance Y; . Thus in this case

P, will include the ohmic power loss in the transducer itself.

The scattering coefficients given above are very general in
that they are valid for almost arbitrary transducer geometries,
taking full account of electrostatic effects which are included
in the function o.(x). The relations are also valid for arbitrary
frequency. They are consistent with familiar properties which
have previously been derived by the network approach. For
example, a shorted transducer (¥, = o) gives zero reflection
coefficient. For a transducer tuned with a lossless inductor,
Y; + Yy =G, and the power reflection coefficient is unity.
If the transducer is matched at any frequency, then Y, + Y =
2G,, the power reflection and transmission coefficients are
both 1, and the conversion coefficient is %

C. Scattering Matrix

The above equations are readily expressed as a scattering ma-
trix relating the amplitudes of incident and radiated surface
waves to the transducer voltage and current. For convenience,
we define a surface wave amplitude 4(x, w) which is propor-

- —

Fig. 4. Parameters defined at the two acoustic ports and the electrical
port, related by the scattering matrix.

tional to the potential ¢4(x, «2) accompanying the wave but is
more directly related to the power density. The definition
taken is

A(x, W)= L{/IG]M? - ¢(x, w). 47)

For a surface-wave beam of width W, the power flow is

W - A%, by (18), so that | 4| is the power density. The
phase of A(x, w) is the same as that of the surface wave po-
tential ¢¢(x, w).

The amplitudes of waves incident on the transducer are de-
noted 4; and for waves leaving the transducer 4,. Additional
subscripts 1 or 2 denote the ports, and the amplitudes are
evaluated at these ports,ie.,atx =% %L. Thus 4;;, for ex-
ample, is the amplitude of a wave incident on port 1, evaluated
atx = -%L. The transducer current and voltage, / and V, are
defined as in Fig. 4. We also define a function F'(w) such
that, when a voltage Vo is applied to the transducer and no
surface waves are incident, the SAW amplitude radiated at
port 1 is given by

48)

Ay =jVr E(w) exp (‘%fkoL)-
Using (13) and (47), this function is
E(w)=i[w - IG1'? - Te(ko). (49)

Note that £ () is real if the transducer geometry is symmetri-

cal. From (19), it is related to G,(w) by
|E()I* = LG (w)/W. (50)

With these definitions, the scattering matrix can be written

Atl 0 S12 Sl3 Ail
A,y Sa1 0 S5, A;p (51)
1/(4W) S31 832 533 v

where

S12 =551 =exp (-jkoL)

S13 =831 =jE(w) exp (-4 jkoL)
823 =-S3; =JE*(w) exp (-3 jkoL)
S33 = Y/(4W).

This matrix is consistent with all the scattering parameters de-
rived in Section III-B and can also be used to analyze more
complex problems such as the transducer response when sur-
face waves are incident on both acoustic ports.
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IV. HiGHER ORDER ANALYSIS FOR
TRANSDUCER ADMITTANCE

A. Basic Method

As pointed out in Section II-C it is not possible to deduce
the correct transducer admittance by calculating the current
using the quasi-static charge distribution, though the parallel
conductance G,(w) can be obtained by considering the SAW
power flow, giving (19). Here we derive a higher order ap-
proximation for the charge density, which leads to the same
formula for G,{(w) and also gives a formula for the suscep-
tance B,(w).

Consider a transducer with unit voltage applied across it, so
that ¥ =1 in Fig. 1. From (1) and (2), the potential and
charge density are related by

P(x, w) =[G (x) + Ggaw(x)] * 0lx, w). (52)

This relation is exact, apart from the neglect of bulk waves.
For the quasi-static theory, o(x, w) was approximated by the
function o,(x), which is the electrostatic charge density ob-
tained by ignoring Ggaw(x) in (52). This function is the
solution of

¢'(x) = Ge(x) * 0,(x) (53)

where ¢'(x) and ¢(x, w) will have the same values on the elec-
trodes but will in general be different in the gaps. The total
charge density in (52) is now written

0(x, W) = 0.(x) + a,(x, w) (54)

where g,(x, w) can be regarded as the additional charge den-
sity due to SAW propagation and, unlike ¢,(x), will be fre-
quency-dependent. Here we consider an approximate analysis
for 0,(x, w) and express it in terms of 0,(x). Substituting
(54) into (52) gives four terms on the right side. The term
Ggaw(x) * 0,(x, w) is small, however, since Ggaw(x) and
04(x, w) are considered to be small in relation to G,(x) and
0.(x), respectively. Thus (52) becomes

P (x, W)~ Gel(x) * 0o(x) + Ggaw(X) * 0.(x)

T Ge(x) * 04(x, w).

(55)

As in Section III-A, we consider a set of points x; which exist
only on the electrodes. Then since the potentials in (55) and
(53) are the same on the electrodes, we have

807, = [Ge®) * 0e¥)] .

The remaining terms in (55) are therefore equal and opposite
at points x;. The second term can be identified as a potential
arising due to the presence of SAW propagation. For con-
venience, this is denoted ¢,(x, w), so that

(56)

$alx, w) = Ggaw(x) * 0g(x). (57)
Thus, from (56) and (55), 0,(x, w) is the solution of
[Gelx) * 0,(x, w)] xj = _¢a(xjy w). (58)

From the analysis of Section [1I-A, the solution of this equa-
tion can be written

Ua(xia (4)) =- ZBi]'¢a(xj’ (")) (59)
J
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where B;; is the matrix relating electrostatic charge to poten-
tial, as in (29).

It is thus necessary to obtain ¢,(x, w) from (57). In prin-
ciple, (59) must then be used for o,(x, w), which is then added
to a.(x) to give the total charge density, as in (54). The total
current can then be obtained in the usual way.

To evaluate ¢,(x, ), the surface wave Green’s function
Gsaw(x) of (3) is substituted into (57), giving

Balx, w) = -JG f oe(x’) - exp (-fkolx - x' D dx’
= -jG, {J oe(x")y exp [-jko(x - x)] dx’

+ f o.(x") exp [fko(x - x")] dx'}. (60)

X

Thus ¢,(x, w) is essentially the Fourier transform of the static
charge density to one side of x, plus the inverse transform of
the charge density on the other side. By using standard prop-
erties of Fourier transforms, it is possible to express (60) in
terms of 0,(k), the Fourier transform of ¢,.(x). The steps
necessary for this are given in Appendix B. The result is

Ba(x, w) = jG,eTF* { % GH(ko) - —21~ [GX(ko) * (e""""/kon}
T

1Gse* { S Teke) - 2= [elko) * (7 ko ) }

(61)

B. Evaluation of Capacitance and Conductance

The total transducer current is given by

1= joW T PG [oe) + 0x;, )] Ax (62)
I

where P(x) is the polarity function defined in (17), and the

term in square brackets is the total charge density o(x, w).

This current will be written =1, + I, where I, and I, are

contributions arising from o.(x) and o,(x, w), respectively.

Since the applied voltage is unity, the transducer admittance

is simply

YT =Ie +1a.

Comparison with (16) shows that, in the limit Ax = 0, the
term I, simply gives the capacitive part of the admittance:

(63)

Ie = ](.u)CT . (64)

Using (59) for 6,(x;, w), the remaining current contribution
is
I, = -5 jwW 2 P(x;) 2 By~ $a(x;, w) Ax. (65)
i J
If the summations here are reordered and use is made of the
fact that By; is symmetrical, the summation over i can be elim-
inated by using (30) for o.(x;). This gives

Iy = -jwW Z 0e(X)) - Pal(x;, w) Ax. (66)
)
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Now, (61) gives ¢,(x, w) as a sum of four terms. We write /;
as a sum of two components, /, = I, +1,,, where I,, arises
from the first and third terms, and /,, arises from the second
and fourth terms. It will be shown that 1, gives the conduc-
tance G,(w), while I, gives the susceptance B,(w). Substi-
tuting the first and third terms of (61) into (66) gives

In=-1 wWGSAx{Eé"(kO) > oe(xi)e_jk"xi
i

+ (ko) 3 oe(x,-)e""“"}. (67)
j

Here the first summation becomes an integral when Ax = 0,
and since 0,(x) is zero in the gaps the integral can be taken
over all x, giving the Fourier transform 0.(ko ) of 0.(x). Simi-
larly, the second summation gives (-4, ), which can be writ-
ten as 6F(ko) because g.(x) is real. Hence

Iy = -wWG[Gu(ko)|*. (68)

This is real and positive. It is shown below that the remaining
current contribution /,, is imaginary. Hence I, is the only
real contribution to the current, and therefore gives the paral-
lel conductance G (w) as

Go(w) = ’wwcslae(ko)‘z . (69)

This agrees with the formula obtained from the power flow of
the radiated surface waves (19).

C. Evaluation of Susceptance

The remaining terms in (61), the second and fourth terms,
must be substituted into (66) to give the remaining current
contribution /,,. Consider initially the second term only of
(61). Substituting into (66), this gives a current contribution
I,,,say, given by

1
Iaz -

TOWOLE 5 oulxe ™ [53(ka) » (@ Fko)].

27

(70)

Writing out the convolution as an integral, and reordering the
integral and summation, gives

_ JuWGy on
2w

-

I, [Z oe(x)e o inx dk,.

J

Oe (ko)
Jeth

(71)

Here the term in square brackets can be identified as @,(kj) in
the limit Ax — 0, using the same argument as applied to the
similar term in (67). Thus (71) gives
i = 225 (fEko) |t + (1R, (1)
Finally, it is necessary to substitute the fourth term of (61)
into (66) to give the remaining contribution to I,. The
method is almost identical to the above analysis for I, , ex-
cept that it is necessary to use the fact that o.(-k) = 0 ¥(%),
which follows because o.(x) is real. The result is the same as
(72), so the total contribution I, is simply 21,,. Since this
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is imaginary, I,, can be identified with jB,(w), so that

By(w) (73)

. wWG | 1
=lpli=—— { Ge(ko)|* * ﬂ]-
s k()

We have thus shown that the transducer current { of (62) gives
an admittance Y, = G, +jB, + jwCr, with G, and B, given by
(69) and (73), respectively, and Cy given by (16).

D. Consistency with Quasi-Static Approach

In Sections IV-A-C, it has been necessary to use a higher-
order approximation to the transducer charge density in order
to derive the admittance from the transducer current. In Sec-
tion I1, on the other hand, a first-order approximation was
used, taking the charge density as 0,(x), but nevertheless the
transducer conductance G,(w) obtained by analyzing the SAW
power flow gave the same result. These results are at first sight
inconsistent.

The reason for this can be seen by considering (55), which
gives the potential ¢(x, w) for the higher order approximation.
In the above analysis, we have used this equation to solve for
charges and potentials within the transducer. The equation is
however also valid for points outside the transducer. At such
points the potential ¢(x, w) has three terms, but only one
of them, Ggaw(x) * 0.(x), gives a sinusoidal potential corre-
sponding to propagating waves. We can therefore identify this
term with the potential ¢4(x, w) accompanying the surface
waves in the regions outside the transducer, so that

¢s(x, w) = Gsaw(X) * 0e(x) (74)

in the higher-order approximation. The other two terms in
(55) give contributions to the potential which depend on the
electrostatic Green’s function G,(x), and these will decay with
distance away from the transducer.

The form for ¢.(x, w) given by (74) is identical to (4),
which was used for the first order quasi-static approximation.
The two approximations therefore give identical results for
the surface wave amplitudes launched by the transducer. Cal-
culation of G, (w) from the SAW powers gives the same result
in both approximations and the apparent inconsistency is thus
removed. It also follows that, in the higher order approxima-
tion, the conductance can be obtained either from the SAW
powers or from the transducer current, and the two methods
give the same result.

E. Relation between Conductance and Susceptance

The relation between G,(w) and B,(w) is essentially a con-
volution in the frequency domain. This involves negative fre-
quencies, and since the above analysis assumes w = 0, the
formulae are rewritten so as to be valid for both positive and
negative frequencies. Since G,(w) must be symmetrical with
w, and B,(w) antisymmetrical, (69) and (73) become

Ga(w) = |wGs| "W lae(w/UO)P (75)

By(w) =12

W [laewu(,)r i—] (76)

Here the substitution ko = w/vg has also been made. These
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quantities are thus related by

&wviﬂFﬂﬂw%

m ) w

Lif“wr@mud,
mJ o 1w (w-w) @

(77)

It can be assumed to a high degree of accuracy that, for posi-
tive w, the value of B,(w) depends only on the values of
G,(w") at positive w'. In addition, for negative w, B (w)
depends only on values of G,(w') at negative «'. Then for
either positive or negative w, (77) can be written

[T wGee)
Baey=-+ | S0 g,
=-lJ“” [Ga(w')'JrGa(cg’)]dw, (78)
1), |w-w w
- Gy(w) e (79
m w

where the second term in (78) has disappeared because G,(w")
is symmetrical with respect to w'. Hence B,(w) is related to
G,(w) by the Hilbert transform.

V. CONCLUSION

It has been shown that, by assuming that bulk wave excita-
tion and electrode interactions are negligible, a first-order
approximation of the Green’s function theory leads to simple
analytic expressions for the transducer properties. Formulae
were given for the amplitude of surface waves launched, the
transducer conductance and susceptance, and the scattering
coefficients for a transducer receiving surface waves. The for-
mulae are all expressed in terms of o,.(x) or its Fourier trans-
form G.(k), where 0.(x) is the charge density on the electrodes
when unit potential is applied across the bus-bars, obtained
by a purely electrostatic analysis ignoring piezoelectricity.
The susceptance B,(c) was obtained by a second-order ap-
proximation, and it was shown that the second-order approxi-
mation gives the same results as the first for the amplitudes of
waves launched. The transducer conductance G,(w) can be
obtained from the surface wave power flow in either approx-
imation, or from analysis of the transducer current in the
second-order approximation; the three cases give the same
result. The susceptance was shown to be the Hilbert transform
of the conductance. A reciprocity relation was shown to be
valid even if electrode interactions are present. All of the
above relationships are valid for almost arbitrary transducer
geometries, as defined in Section I, the main restriction being
that the transducer is not apodized. The generalization to apo-
dized transducers is however straightforward, using Tancrell
and Holland’s concept of dividing an apodized transducer into
a set of unapodized channels [3].

The formulae given here take full account of electrostatic ef-
fects, which are included in the function o,(x). As mentioned
in the Introduction, there are many cases where these effects
are of practical significance and must therefore be allowed for
accurately. The solution of the electrostatic problem has been
considered by a number of authors and used to obtain the
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surface wave amplitude. For other transducer properties,
Smith and Peddler [9] used a network approach based on

the electrostatic solution, at the expense of some complexity.
Wagers [12] has shown how the normal mode theory can be
used to relate the transducer admittance to the electrostatic
solution, but does not describe other transducer properties.
The relationships given here are very simple and cover a wide
range of transducer properties. The derivation also gives
physical insight into the transducer behavior and is more rig-
orous than the network approach.

The validity of the theory depends on the choice of sub-
strate material and orientation. It is assumed that the sub-
strate gives piezoelectric coupling only to a nonleaky SAW
mode, thus excluding in principle substrates which couple to
other modes. However, if the coupling to bulk waves is weak
enough the theory will be approximately valid, and for most
SAW materials it is expected to give sufficient accuracy for
practical purposes. The validity can be assessed by examining
the Green’s function G(x) as described by Milsom et al. [13].
It has also been assumed that electrode interactions are negli-
gible, and this is valid if the piezoelectric coupling is weak.
The effect of electrode interactions also depends on the trans-
ducer geometry, however. For example, in a single-electrode
transducer at the center frequency, interactions give rise to
strong reflections. The double-electrode geometry suppresses
these reflections [19], and in this case the main consequence
of electrode interactions is effectively a change of SAW veloc-
ity within the transducer. It is therefore expected that the
theory should be valid for substrates with strong piezoelectric
coupling, such as Y-Z lithium niobate, provided the transducer
structure is such as to suppress the reflections, and provided
the velocity change is allowed for.

The electrostatic problem, which must be solved to obtain
the function ¢.(x), has not been considered here. For simpler
cases, where good accuracy is not essential, the function can
often be obtained readily from the analytic results of Engan
[5],[6]. More generally, accurate results for arbitrary trans-
ducer geometries can be obtained by numerical techniques
{71-191, [13], [21]. Ailternatively, for most practical trans-
ducers the charge density can be expressed in terms of a more
fundamental function using the superposition principle [15] -
[17]. This enables accurate electrostatic solutions to be ob-
tained very readily without iterative procedures and is appli-
cable, for example, to transducers with arbitrary polarity
sequences. :

The theory presented here assumes that the transducer has
two bus-bars, thus excluding three-phase and group-type unidi-
rectional transducers. The theory is, however, readily gener-
alized to include these cases.
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APPENDIX A
RELATION BETWEEN G, AND Avfv
The general relation between potential ¢(x, w) and charge
density o(x, w) is, from (1)-(3),

#(x, w)=G(x) * a(x, w) (AD)
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with
G(x) = -In |x|/[ne; (20)] - G, exp (-7ko 1xD).

It is assumed that there are no piezoelectrically coupled bulk
modes and that for a free surface a nonleaky surface wave can
propagate with velocity v, and wavenumber kg = w/vp. Under
these conditions, the above equations are exact. We also
assume that a nonleaky surface wave mode exists, with veloc-
ity v,,,, when the surface is metallized with a thin, infinitely
conducting film. A solution giving this velocity should be
obtainable from (A1) by setting ¢(x, w) = 0. The solution

is found by taking the Fourier transform of (A1), which is

$(k) = G(k) - 5(k)

where ¢(k), G(k), and (k) are the Fourier transforms of
¢(x), G(x), and o(x), respectively, and the frequency argu-
ment has been omitted since it will remain constant through-
out. On a metallized surface, ¢(x) = 0 for all x, and hence
(k) =0 for all k. Thus the solution is obtained by setting
the right side of (A3) to zero for all &.

To evaluate G(k), we first find the transforms of the func-
tions in (A2). The differential of In [x] is x7!, and from [20,
p. 130], the Fourier transform of x™! is -jm sgn (k). Since
the transform of the differential of a function is jk times the
transform of the function, the transform of the logarithm is
given by

FlIn |x|} = -n/|k|

(A2)

(A3)

(A4)

where the notation F[-] indicates the Fourier transform.
The exponential in (A2) can be written

e faixl = p-jax - H(x) + elax - H(-x)
where H(x) is the Heaviside function [20] defined by
Hx)=1, forx> 0
=0, forx<O.

(AS)

(A6)
Now
Flexp (*jax)] = 2nb(k * a)
and from [20, p. 365]
FH(*x)] = n8(k) ¥ j/k.

(A7)

(A8)

To calculate the products in (A5), we also use the convolution
theorem

FIfi(x) - £,(0)] = fi(k) * [,(k)/(2m) (A9)

where f,(k) and f, (k) are the transforms of f(x) and f, (x).
From (A7)-(A9),

Fle™/%% - H(x)] = n8(k + a) - j/(k + a) (A10)
and
Fle/* - H(-x)] = n8(k - a) +j/(k - a). (A11)

The transform of exp (~ja|x|) is the sum of these, by (AS).
Using (A2), (A4), (A10), and (A11), the transform of G(x) is

G(k) = [1k| - €5(=)] ™" - jG;[m&(K + ko)

+m8(k - ko) - j/(k + ko) + jl(k - ko). (A12)
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For a metallized surface, we take o(x) = exp (-jk,,,X), where
k, is the wavenumber for this case. Its transform is 6(k) =
278(k + k,,, ) and this is zero except for k = -k,,,. Thus to
make the right side of (A3) zero for all £, we must have
G(-k,,) = 0. It can be assumed that k,,, # +k,, since metalli-
zation will change the velocity, and this eliminates the delta-
functions in (A12). Putting G(-k,,,) = 0 gives

1 (vm u(,) 1 v, -
Gy=—— [ - Ho——r-
2e5(>) Vo Um €5(%°) Vo
where we have used k,,, > 0 and replaced k, and k,,, by using

the free-surface and metallized velocities, given by ko = w/ug
and k,,, = w/vy,.

(A13)

APPENDIX B
DERIVATION OF ¢,(x, w)

In Section 1V-B, the acoustic potential ¢,(x, w) is given as
a pair of integrals, in (60). Here this is expressed in terms of
0.(ko). Using the Heaviside function H(x), defined as in Ap-
pendix A, (60) becomes

¢a(x, w) = —st {e'jknx j eikox, oe(x') . H(x _ x/) dxi

-0

+ /%o f e7* % o,(x') - H(x' - x) dx'}.

(B1)

The second integral here is a Fourier transform. The first in-
tegral can be evaluated by taking the Fourier transform and
then taking the conjugate, because o.(x') - H(x - x') is real.
Denoting the Fourier transform of any function f(x) by
F[f(x)], which will be a function of k,
. L i ’
9alx, ) = ~jGy fe"°” (Flo(x") - Hx - x))*
+e’*% . Flo,(x') - Hx' - %)]}. (B2)

Here the Fourier transforms are from the x’ domain to the

k domain and are to be evaluated at k = k. The transforms
can be evaluated using relationships given in Appendix A;

(A8) gives the transform of H(x), and the convolution theorem
of (A9) is used for the product. Using (A8) and the standard
theorem for the transform of a function displaced in the
x'-domain,

F[H(x - x")] = (k) +] exp (- jkx)/k
and

FIH(x' - x)] = n8(K) - j exp (-jkx)/k.
Using the convolution theorem of (A9),

(Flou(') - Hox = X)) = 55200 - L 520 « fexp Gy

and

Floox) - HG - 3)] =3 86(R) - 5 5.(K) * [exp (-/R0)k].

Evaluating these functions at k = k, and substituting into
(B2) gives (61}, which is the required result.
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APPENDIX C
TRANSDUCERS WITH DISCONNECTED ELECTRODES

This appendix generalizes the theory to include transducers
such as that shown in Fig. 5, in which some of the electrodes
are not connected to either bus-bar. An example is the six-
electrode transducer described by Engan [6]. It is shown here
that all the results of the main paper are also valid for trans-
ducers with disconnected electrodes. As before, the results are
expressed in terms of the electrostatic charge density g,.(x)
which is produced when unit potential is applied across the
bus-bars and its Fourier transform 6.(k). Since the potentials
of the disconnected electrodes are initially unknown, addi-
tional boundary conditions are required for evaluation of
0.(x), and these are that the net charge on each disconnected
electrode is zero.

To analyze the transducer, it is necessary to generalize the
electrostatic formulation described in Section III-A. As be-
fore, define a sequence of points x;,j = 1,2, -, N which
occur on the electrodes but not elsewhere. These points will
occur on the disconnected electrodes as well as on the con-
nected ones. The number of disconnected electrodes is M, so
that M =2, in Fig. 5, for example. Indices u and v indicate the
disconnected electrodes, taking values 1,2, ..., M.

We consider the electrostatic solution for charge density
o(x), which must satisfy (25). If the electrode potentials are
given by a known function ¢(x;), the solution is given by (29)
in terms of the matrix B;;. Here, however, the potentials of
the disconnected electrodes are initially unknown, so a some-
what different problem is considered. Given a function ¢(x;),
the transducer potential is taken to be ¢(x;) if x; is on a con-
nected electrode, and [¢(x;) + V] if x; is on disconnected
electrode, u. Thus, for each disconnected electrode, the poten-
tial differs from ¢(x;) by a constant. The constants V), are
introduced in order to satisfy the condition that each discon-
nected electrode has zero net charge. By superposition, the
total charge density o(x) is the sum of the charge density due
to the potential ¢(x;) and the charge densities due to the
potentials ¥, so that

N M u
o(x)= 3 Byo(x)*+ 3 Y BimVy. (cn
j=1 U=t m
Here the notation ¥, indicates that the sum is to be taken
over those values of m for which x,,, lies on disconnected
electrode u. On each disconnected electrode, the net charge
is zero, giving

v

S o) =0, v=1,2,

n

M. (C2)

Substitution of (C1) into (C2) gives M equations in the M un-
knowns V,,, which can therefore be written as linear sums of
the potentials ¢(x;). Hence the charge density o(x;) can be
written in terms of ¢(x;), and we define a matrix Ej; such that
(C1) becomes

U(Xi) = Z [Bt'j + Eij] ¢(x)')~ (C3)
7
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Fig. 5. Transducer with disconnected electrodes.

This equation expresses the charge density in terms of the
potential ¢(x;), without explicitly involving the additional
potentials ¥, on the disconnected electrodes.

From the above equations, it can be shown that £j; is given
by

u v
Ej=-3% > Kw (Z Bim) : (Z Bni) (C4)
I v m n
where K, is the inverse of a matrix C,,, defined by
vou
Cu=3 S Bum- (c5)
n m

It is readily shown that, since B;; is symmetrical, £j; will also
be symmetrical.

Using (C3) for the charge density in place of (29), the theory
for a transducer with disconnected electrodes follows the same
arguments as in the main paper. The electrostatic charge
density g.(x) produced when unit potential is applied across
the bus-bars is obtained by setting ¢(x;) = + 3V in (C3) for the
connected electrodes, with the sign corresponding to the elec-
trode polarity. On each disconnected electrode ¢(x;) must be
invariant, so that the total potential, which includes the V,, is
constant. The value assigned to ¢(x;) is however irrelevant, as
any change of this value is implicitly compensated by a change
of V. Itis convenient to take the value of ¢(x;) as zero on
the disconnected electrodes, and hence g.(x) is given by

oe(x)) = 3 Z [Bij + Eyj] - Pi(x)). (C6)
i
Here Py(x) is a polarity function similar to the function A(x)
of (17), and is defined by P;(x) = 1 when x is on a connected
electrode, with the sign given by the polarity of the electrode,
and Py(x) = 0 when X is on a disconnected electrode. The
transducer static capacity Cr is given by (16), with Py(x) re-
placing P(x) and (C6) for 0,.(x).

For a short-circuited receiving transducer, the analysis is
similar to that of Section II-A. The charge density is given
by (C3), with ¢(x;) replaced by -¢;(x, w) using (31), so that
the potential is zero at the locations of the connected elec-
trodes. The remaining analysis is the same, except that P(x)
is replaced by P;(x) and Bj; is replaced by [By; + £;;] , which is
symmetrical. The reciprocity relation of (36) is therefore still
valid, both for the quasi-static case and for the more general
case in which the surface-wave Green’s function is included.

The higher-order analysis for the transducer admittance is
almost identical to that of Section IV. The solution of (58)
must be obtained by using (C3), so that ¢,(x;, w) is given by
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MORGAN: ANALYSIS OF GENERALIZED SAW TRANSDUCERS

(C3) with ¢(x;) replaced by - ¢,(x;, w). The function P(x)
replaces P(x). From (66) onwards, the analysis is the same.

In summary, all of the equations in the main paper giving
transducer properties in terms of 0.(x), 6.(kg) or G,(w) are
also valid for transducers with disconnected electrodes. The
presence of disconnected electrodes is allowed for implicitly
by defining 0,(x) as the electrostatic charge density produced
when unit potential is applied across the transducer, with the
potentials of disconnected electrodes allowed to float. The
expression for the static capacity (16) is slightly modified in
that a different polarity function is used.
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